ABSTRACT. We prove the existence of continuous approximate selections of upper semicontinuous maps from a separable locally compact metric space S into the decomposable subsets of Ll(T,Z). We then extend a fixed point theorem of Kakutani to upper semicontinuous maps with decomposable values.
Introduction.
In [1] , Antosiewicz and Cellina presented an analogue of Michael's selection theorem for a special multivalued function related to differential inclusions: the image of a point was the set of selections of a given multivalued map. The main tool in that proof was the idea of piecing together a finite number of measurable functions. In [6] , Hiai and Umegaki, modifying somewhat an earlier definition of Rockafellar [8] , called any set which is closed with respect to the operation of "piecing" decomposable. A subset F of L^(I) is decomposable whenever, given u and v in F and any measurable partition of I into A and B, u\a + vXb still belongs to F. In the same paper they proved that a closed set is decomposable if and only if it is the set of measurable selections of a multifunction. However, we shall retain the word decomposable for the sake of simplicity.
In [2] , it was shown that the set of selections of a constant multivalued map has the fixed point property; in [4] the existence of a fixed point was proven for a self-map of a decomposable set.
The purpose of the present note is first to present a theorem on the existence of an approximate selection to an upper semicontinuous multifunction with decomposable values, and then to obtain a further extension of the above fixed point theorem on decomposable sets to cover the case of upper semicontinuous maps with decomposable values. This result is the analogue of Kakutani's theorem with convexity replaced by decomposability.
Notation and basic definitions.
In what follows, 5 is a metric space with distance d; T is a compact topological space with a cr-field M of measurable subsets of T given by a nonnegative, finite nonatomic measure po; Z is a separable Banach space with the norm | • |; Ll(T,Z) is the Banach space of functions u: T -» Z, integrable in the Bochner sense, with the norm ||u||i = fT \u(t)\ dpo and the distance di(u,v) = \\u -t>||i. In the product space S x L1 the distance will be the sum of d and d\. The Ll distance of u from a set F is di(tt, F) = inivep \\u -v\\i.
A set H C Ll(T, Z) is called decomposable if u ■ \A + v ■ Xt\a £ B for every u, v G H and A G M; dec(K) is the set of all decomposable subsets of K Ç Ll(T, Z).
Upper semicontinuity is meant in the usual (e, 6) sense. In this section we prove an approximate selection theorem, and we use this result to prove a fixed point theorem for upper semicontinuous multivalued functions. THEOREM 1. Let S be a locally compact and separable metric space, and F: S -► dec(L1(T, Z)) an upper semicontinuous map. Then for every e > 0 there exists a continuous e-approximate selection of F. Moreover, when F(S) is decomposable, f£(S) C F(S).
PROOF. The proof is divided into two steps. and the proof of the first step is complete. STEP 2. Let 5 be locally compact and separable. Then there exists a sequence (fin)n of open sets such that fin is compact nonempty, fin Ç fin+i and \Jn Un = S.
Fix £ > 0; by the upper semicontinuity of F, for each s G S there is 8(s) > 0 such that F(s') Ç B(F(s),e/9) whenever s' G B(s,6(s)). We may choose 6(s) < e/3. The hypothesis on S allows us to consider a countable number of balls B(s¿,¿>¿), with 6i = 6(si)/2, which cover S, such that for every n G N the set In = {i G N: B(si,6i) n f!n 5¿ 0} is finite. Let {p¿: i G N} be a continuous partition of unity subordinate to this covering of 5. In order to construct fe, choose arbitrarily Ui G F(si) (i G N). As it has been shown in Step 1, we can construct on every fi" an e-approximate selection fe , and for every s G S there is wY1' (depending on PROOF. We can apply Theorem 1 to the map G = F\-pñc): For eacn n G N there exists gn: F(K) -* F(K) which is a 1/n-approximate selection of G. Then gn satisfies the assumptions of Fryszkowski's fixed point theorem [4] , so that there exists sn = gn(sn), for every n G N. By the compactness of F(K) we can assume (sn)n to converge to some point s, which is a fixed point of G. O
